Quantum interference and electron-electron interactions 
at strong spin-orbit coupling in disordered systems 
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Transport and thermodynamic properties of disordered conductors are considerably modified 
when the angle through which the electron spin precesses due to spin-orbit interaction (SOI) dur- 
ing the mean free time becomes significant. Cooperon and Diffusion equations are solved for the 
entire range of strength of SOI. The implications of SOI for the electron-electron interaction and 
interference effects in various experimental settings are discussed. 
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Introduction: The effects of weak localization (WL) and 
electron-electron interaction on transport in disordered 
conductors are strongly influenced by interactions that 
affect electron phase coherence: by magnetic fields, mag- 
netic impurities and spin-orbit interactions (SOI). The 
issue of the effects of SOI on WL JHQ] and electron- 
electron interaction effects H attracted considerable at- 
tention in early studies of WL corrections to conductivity 
@-|]. More recently || it was shown that, in addi- 
tion, SOI can be regarded as generating an effective spin- 
dependent vector-potential, which influences electron co- 
herence rather like the electromagnetic vector potential 
does (via the Aharonov-Bohm, or AB, effect). To date, 
quantum corrections to conductivity have been conven- 
tionally studied under the assumption that the character- 
istic time scale which determines the SOI strength, t SOi 
significanly exceeds the mean free time r [^|-^5|. 

In the present Letter, I discuss quantum transport phe- 
nomena associated with SOI of arbitrary strength. Sys- 
tems with strong SOI, r so < r, are now intensively stud- 
ied experimentally flq , |l7|| . Of particular concern here 
will be implications of strong SOI for WL and electron- 
electron interaction corrections to the conductivity. 

It is important to recognize that two types of SOI can 
be identified. First, there is random SOI, due to impurity 
potentials. The scattering amplitude contains a spin- 
independent term and a much smaller spin-dependent 
term which, however, leads to SOI dephasing Q. The 
SOI dephasing time due to this random SOI is always 
much larger than r. The second type of SOI occurs in 
low-dimensional and low-symmetry systems, and owes its 
existence to the crystalline or confining potential. In this 
case, the electron Hamiltonian has the form 



H=p 2 /2m* +ha ■ fi(p), 



(1) 



where m* is the effective electron mass, and Q can be 
regarded as momentum-dependent spin-precession fre- 
quency. This type of SOI characterizes several recent 
experimental settings JT^-[T~7|| . I consider here forms of 
f2(p) that transform like the Legendre polynomial Pi, 
which characterize two-dimensional (2D) systems (e.g., 
Si MOSFETs) and ID GaAs quantum wires and rings. 



Therefore fij(p) = f3%jPj and the spin term in Eq. (|l]) can 
be written as a ■ fl(p) = p ■ A/m* , where A is the spin- 
dependent vector potential |l^] . It results in conductance 
oscillations in quantum rings [|S| jxif] , an unusual random 
matrix ensemble p0| , and anomalous magnetoresistance 
(MR) in 2D structures ]l2]-[T5[| . These phenomena can be 
regarded |p|, |l3| as manifestations of the Aharonov-Casher 
(AC) effect | {19| in disordered electronic systems. 

The strength of SOI in Eq. (0) can be characterized, in 
semiclassical terms, by the angle of spin precession dur- 
ing r, Qt. When fir <C 1, the SOI dephasing time due to 
A, is l/(Sl 2 (p))r ^S> t, as for random SOI. For arbitrary 
fir [^0| this is no longer the case. 

The main results of this Letter are as follows: (i) At 
strong SOI positive magnetoresistance persists in 2D 
weakly disordered conductors in the whole range of mag- 
netic fields, (ii) Due to electron-electron interactions, AC 
oscillations arise in the conductivity, the density of states, 
and thermodynamic quantities. 

5*0/ and the interference correction to conductivity: We 
now address the issue of how SOI of arbitrary strength in- 
fluences the WL correction. We note, in passing, that the 
classical (i.e., Drude) expression for the conductivity a 
is left unchanged by SOI in Eq. (|l|), and oo = e 2 nr /m* . 
Interference corrections for disordered conductors in the 
diffusive regime have their origin in the increased ampli- 
tude for phase-coherent electron propagation along self- 
crossing trajectories. In order to address interference 
corrections to uq, one retains the maximally crossed dia- 
gramms in the quantity Gf +w/2 (p+q/2)G^_ w/2 (p-q/2), 

where G R (G A ) are the single electron retarded (ad- 
vanced) Green functions, q is the total momentum of 
particles whose correlation is described, and thereby ar- 
rives at an equation for the Cooperon propagator (see, 
for instance, Ref. [|l[). Similarly, ladder diagrams give 
rise to the Diffuson equation. For the physical sys- 
tem under consideration, the spin-dependence in the 
Cooperon/Diffuson equations arises from propagation, 
i.e. results from G R {G A ), and not from scattering. The 
Cooperon equation is given by: 

C = I i / — . , —„ . (2) 
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ipr(q + 2eA cm /c + A)/m 
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where o denote the orientation of momenta p, A Gm is the 
external electromagnetic vector-potential, u> is the fre- 
quency, A is the spin-dependent vector potential, Aj = 
2/3y Si,and S is the total spin of particles. The conven- 
tional approach to Eq. is the expansion of the integrand 
up to the second order in ql and A, leading to diffusion- 
like equation for the Cooperon/ Diffuson propagators. 
In the present Letter, we calculate these propagators ex- 
actly, without such an expansion. Consider first a quasi 
ID wire lying along the z-direction or a quasi ID ring 
with angular coordinate 4>. Let SOI be described by ten- 
sor /? having nonzero components /3 XX = (3\ (or fi^ — f3\ ) 
which is a good approximation for narrow constrictions 
p2[ . In this case the solution of the Eq. (0) is 



Csj 
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Dr(q + 2j(3m) 2 + itor' 



(3) 



where j is S-projection along q, D is the diffusion co- 
efficient. Remarkably, the Eq (||), derived without the 
A- and qZ-expansion, has the same form as the Cooperon 
propagator for weak SOI in JlCfl . At the same time, the 
physical properties of systems, described by Eq. (||), are 
determined by contributions from q ~ j(3m* . If SOI is of 
intermediate strength, i.e. (3m*l ~ 1, such q mean ql ~ 1. 
Therefore, strong SOI (which is, of course, treated with- 
out using expansion in powers of A) cannot be studied 
properly, in general, if the conventional qZ-expansion is 
applied. This is especially important for 2D an 3D cases. 

The Eq. (||) describes the WL conductance oscillations 
in the absence of magnetic flux that occur in a ring at 
arbitrary SOI when /3 is varied. When magnetic flux is 
varied, SOI leads to beatings of the AB oscillations. 

Consider now 2D systems, and assume the that the 
tensor j3 has the form, appropriate for symmetric ]23| ] 
GaAs/AlGaAs heterostructures: (3 XX = —j3 yy — fa, 
where z is the direction normal to the 2D plane (results 
for 2D Si with (3 xy — —/3yx = (3 are the same). This type 
of term was first discussed by Altshuler et al. || . Then, 
the solution for the Cooperon propagator reads: 



Co,o - 
V(l-/ 



1/(1-/), 
- 2g-2h), 



±i 



Ci,o = 

1/(1 -f-(3g + h)± y/t* + (.9 - h) 2 ), 



(4) 
(5) 
(6) 



Here the second index in Eqs.(5,6) is the quantum num- 
ber in the representation diagonalizing the Cooperon, 



f = l/^\ + 2Dq 2 r (7) 



g = + 2Dq 2 r + J2 1/\M + 2ZVr)/4 (8) 

± 

h = [-2/Vl + 2Dq 2 r(y/l + 2Dq 2 T + 1 + Dq 2 r) 



E 



± Ja% + 2Dq 2 T(a± + Ja 2 ± + 2Dq 2 r) 



Dq 2 T 



t 



ilq \ ^ 



4)(i±i)/2 



T ^Ja 2 ± + 2Dq 2 T 
where a± = 1 ± 2i(3m*l = ±2iflr. 
,x 10-5 



a ± + Ja 2 ± + 2Dq 2 T 



. (io) 
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FIG. 1. The interference quantum correction to conductiv- 
ity at various magnitudes of SOI strength Qt. 



We now consider the consequences of Eqs. (^f|lO|) for 
interference corrections to the conductivity G, given by 



e 2 Dr 



(dQ) [-Goo + G 10 + + C h . 



(11) 



where Lj, is the phase-breaking-length, and Qo is the 
upper cutoff, usually |24| regarded as being of order to 
l/l. The localization or antilocalization in weakly dis- 
ordered conductors, the temperature (T), frequency and 
magnetic field (H) dependence of the conductivity is de- 
termined by On Fig. |l| I present the results for the 
conductivity dependence on at various magnitudes of 
SOI strength Or. In the absence of SOI (curve 1) one 
observes the weak localization. At small Qt (curves 2-3) 
conductivity exhibits antilocalization, if SOI dephasing 
length L so = l/(/3m*) < L^, and weak localization in 
the opposite case. However, as Or approaches 1 (curves 
4,5) [25)), the range of L,p where electrons are local- 
ized diminishes. Finally, only antilocalization occurs at 
fir > 1 (curves 6,7), because I cannot exceed L$. There- 
fore, in contrast to random SOI |p6| , as well as weak 
SOI in Eq. (|l|), all studied earlier, single-particle correc- 
tions always lead to an increase in the conductivity at 
strong SOI. As L~ 2 cx T in 2D case J|l) , Fig. || essentially 

represents (T 1 / 2 )-dependence of the conductivity. Sim- 
ilarly, for such H perpendicular to 2D plane that mag- 
netic length Lh = (hc/2eH) 1 / 2 < L$, or such lu that 
D/ui < L^, Fig. |l| adequately describes the anomalous 

(9) MR (conductance versus H 1 / 2 ) or the (w 1 / 2 )-dependence 
of the interference correction to conductivity. 
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Antilocalization characterizing intereference correc- 
tions in 2D conductors in the whole range of tempera- 
tures, frequencies and orbital magnetic fields occurs due 
to entire strong-SOI-supression [described by Eqs.(5-10)] 
of coherence of two electronic waves having total electron 
spin 1 and moving along time-reversed paths. Moreover, 
such a suppression leads to the following behavior of in- 
terference corrections to conductivity in magnetic field 
lying in the 2D plane. Hii influences both the singlet 
(Coo) and triplet (Cy) sector of the Cooperon propa- 
gator due to Zccmann effect. For generic SOI all C\j 
components are mixed by H\\ . At strong SOI Hn leads to 
increasing antilocalization at small magnetic fields, when 
it influences only the singlet component and is negligible 
for triplet states entirely suppressed by SOI. However, at 
such magnetic fields that gvH^ ~ 1/r [^| H\\ starts to 
suppress the triplet, and singlet and triplet contributions 
become comparable in magnitude. Thus, as the triplet 
contribution compensates the singlet one, magnetic field 
dependence of the conductivity weakens. 
Interaction corrections to conductivity: Quantum correc- 
tions to kinetic and thermodynamic quantities, due to 
electron-electron interactions in disordered conductors, 
have their origin in the enhancement of interactions be- 
tween particles. The dominant contribution to this en- 
hancement is due to electron diffusion leading to an in- 
crease of the interaction time and the effective interaction 
strength, for particles with small difference in momenta 
and energies, this process being described by corrections 
in the Diffuson channel |2g[| . These corrections are not 
affected by the AB phase, but are influenced by the Zee- 
man interaction, magnetic impurities and SOI. As shown 
in Ref. j7j, positive MR arises because interaction of an 
electron and a hole with total spin 1 and spin-projection 
±1 enhances the conductivity at H — 0, but is suppressed 
due to the Zeeman interaction. The suppression of the 
electron-electron corrections to conductivity in the Diffu- 
son channel by the weak SOI was discussed in Ref. pl[_ . 

We now discuss the implications of the SOI in Eq. ([j]) 
for electron-electron interaction effects. The effect of SOI 
on the Diffuson propagator is determined (at H = 0) by 
equations of the same form as Eqs. (4-6), with the net 
spin S and spin projection j describing the difference 
of electron spins (i.e. the total spin of electron and a 
hole). Strong SOI, therefore, entirely supresses contribu- 
tion of the interaction of an electron and a hole with total 
spin 1 (refered below as the triplet Diffuson contribution) 
to the conductivity in 2D case. Under these conditions 
magnetic field has no effect on the interaction contribu- 
tion to MR in Diffuson channel, as magnetic field does 
not affect the contribution of the interaction of an elec- 
tron and a hole with total spin (refered as the singlet 
Diffuson contribution). Therefore, at strong SOI, MR 
is determined by interference corrections. However, the 
temperature- and frequency-dependence of the conduc- 
tivity are governed by the singlet Diffusin contribution 
The T^-dependence of this singlet Diffuson cor- 
rection can be described well by the curve 1 on Fig. pi but 



with the scale on the y-axis two times bigger and on 
the a;-axis substituted by Lp = \/D/T, in the range of 
I /Li < 0.2. (In this temperature range corrections from 
processes neglected at Tr <C 1 are not essential.) At 
strong SOI singlet Diffuson correction leads to the nega- 
tive sign of the total quantum correction to conductivity 
which includes interaction and interference contributions. 

I now consider the oscillatory electron-electron interac- 
tion effects due to SOI. In quasi ID case, SOI in (Eq. |l|) 
leads to oscillations in ring-shaped samples of the in- 
teraction contributions to the conductance, and, in gen- 
eral, all quantities affected by electron-electron interac- 
tion corrections in Diffuson channel. These oscillations 
with the variation of the SOI constant Pi arise even in 
the absence of magnetic field due to SOI vector-potential 
A. A affects the Diffuson propagator as given by the 
Eq. (|J) and does not lead to SOI dephasing in narrow 
P2| ID constrictions. The triplet Diffuson contribution 
in which A manifests itself originates from Hartree con- 
tribution to the electron-electron quantum corrections. I 
have calculated these corrections to the conductance of a 
ring. The dominant contribution to the effect arises from 
terms characterized by three diffusion poles in Hartree 
processes. If the temperature T is sufficiently low then, 
for a ring of cross-sectional area a 2 and circumference 
L <C Lt, the result of calculations of the oscillating con- 
tribution to conductance has the form 

2 T \ 00 

Sa osc = - j- T , \ V e~ s (smS - cos S) cos m/, (12) 

n— 1 

where 5 — uL/\/2Lt, f] — 2/?im*L, and Ai (discussed in 
[^l|,^9|) is the constant describing the interaction of an 
electron and a hole with total spin 1. Similar oscillations 
characterize the density of states and the thermodynamic 
potential. As the AB flux does not affect these electron- 
electron interaction contributions, and, at the same time, 
strong H± suppresses interference contributions, these 
oscillations may serve as an experimental tool for inves- 
tigating the triplet Diffuson corrections. The variation 
of f3\ leading to oscillations can be achieved by a gate 
voltage or uniaxial strain applied to a nanostructure. 
Discussion of experimental settings: The SOI-cffccts con- 
sidered in the present Letter can be observed in MR of 2D 
metallic samples at EpT 3> 1. At strong SOI MR must 
be positive for all magnetic fields, and the total quantum 
correction to the conductivity must be negative. I now 
discuss the existing data of recent experiments |[6) . One 
of the structures, Si-12fe, with high electron concentra- 
tion n s = 13.7 x lOHcm- 2 , E F = 0.8meV (10AT), and 
the conductivity G = 3.5e 2 /(27r?i) at T = 2K is close to 
the range of parameters where the present consideration 
can be applied. This particular set of experimental data 
can be described in the following self-consistent picture. 
The dimensionless conductivity G ~ EpT + Gj nt + G ee , 
where G; n t is the interference contribution, and G ee is the 
interaction contribution. G ee at such high temperatures 
(T = 2K) is not logarithmic, as we estimate Tr ~ 0.8 
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(because E f t ~ 3.2 and r = 2.8 x lCr 12 s). Thus, G ee 
varies very slowly with T. Gi„t is determined by inter- 
mediate SOI, as = 2.0 x 10~ 10 eVcm @ and Qt = 0.7, 
and leads to an increase in the conductivity. Assuming 
that Gint ~ G — EpT ~ In (L^,/l)/n we obtain Z/L^, ~ 0.4 
which, in turn, gives Gi nt = 0.36 according to the curve 
5 Fig. Considering the temperature dependence of in- 
terference correction given by this curve we find G ~ 5.5 
at T = OAK, whereas in the experiment G ~ 9. As r 
in this temperature range possibly increases, this values 
of G seem to be in resonable agreement. Futhermore, at 
T = 0.3K the parameter Tr ~ 0.2. That is close to the 
region in which G ee becomes logarithmic and overcom- 
pensates Gi nt . Thus, if this model is correct, a decrease 
in T down to 0.1K must reveal a decrease in G for this 
sample. Moreover, at n 8 above 13.7 x 10 11 cm -2 the pa- 
rameter EpT increases and they must reveal a decrease 
in G. Such studies at n s higher than 13.7 x 10 11 cm -2 
are more reliable because at EpT ~ 3 the present theory 
is on the boundary of applicability. Such experiments, 
as well as a detailed study of MR at high n s , have to 
confirm that at low T localization occurs in 2D metals. 

Although this Letter is not aimed at the analysis of 
those experiments in Refs. |l6|,|l7| in which G ~ 1, I I 
would like to discuss the SOI strength in such a case. Its 
decrease estimated using the Drude model is not mean- 
ingful, as neither Drude model nor the WL theory can be 
applied to this case. However, the renormalization of SOI 
strength with G is possible and is important for a study 
of the regime G ~ 1 using scaling approach Ref. jlj . 
Concluding remarks: (i) The experimental tests proposed 
in this Letter for samples studied in Ref. jL6) may be 
helpful for elucidating the nature of the metallic state in 
Refs. 0,^2|. (ii) The experimental discovery of the AC 
oscillations in ring-shaped samples would bring the op- 
portunity to distinguish the interference and interaction 
oscillatory contributions and to determine the electron- 
electron interaction constant Ai. 
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